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Abstract
We consider quantum electrodynamics with additional coupling of spinor fields to the
space-time independent axial vector violating both Lorentz and CPT symmetries. The
Fock-Schwinger proper time method is used to calculate the one-loop effective action up
to the second order in the axial vector and to all orders in the space-time independent
electromagnetic field strength. We find that the Chern-Simons term is not radiatively
induced and that the effective action is CPT invariant in the given approximation.
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1 Introduction
Although conservation of the Lorentz and CPT symmetries belongs to the fundamen-
tal laws of nature, various extensions of quantum electrodynamics and, more generally,
the standard model with tiny violation of these symmetries have generated current inter-
est in the last decade [1, 2, 3, 4, 5]. In gauge vector sector of quantum electrodynamics a
plausible extension is achieved [1] by adding a Chern-Simons term [6] to the conventional
Maxwell term in the lagrangian






To shed more light on this problem, we shall compute the effective action of the theory
with lagrangian (1.2) in the approximation keeping all orders of position independent
electromagnetic field strength Fµν and up to the second order in position independent
vector bµ. We use the Fock-Schwinger [22, 23] proper time method and find out that,
indeed, the Chern-Simons term is not induced. Moreover, the linear in bµ terms are absent
at all, and the effective action is parity invariant.
2 Effective action and its regularization
The effective action is obtained by integrating out the fermionic degrees of freedom
in the theory with lagrangian (1.2)
Γ(A; b) = −{ ln
Z
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Taking functional derivatives of Eq.(2.3), let us define vector current
It should be emphasized that most of the above relations are purely formal, since they
suffer from ultraviolet divergencies. For instance, Green's function (2.11) is well-defined
at x 6= y, and diverges at x ! y. To regularize the divergence, one introduces a cut
off at the lower limit of the integral in representation (2.12). In this way one gets a
regularized definition of currents (2.9) and (2.10), which, after appropriate integration,
yield the regularized expression for the effective action.
In the present paper we restrict ourselves to the case of space-independent field tensor
F µν and vector bµ. Then operator H (2.4) takes form
3 Proper time method
Rotating the integration path in Eq.(2.12) by angle =2 in the anticlockwise direction
(i.e. substituting  by {s), we present the Green's function in the form
Let us find the transition amplitude in the case of H given by Eq.(2.14) with constant
uniform electromagnetic field strength. System of evolution equations (3.9) takes form
_Xµ(s) = 2µ(s)− 2{µν(s)bνγ5; _µ(s) = 2Fµνν(s)− 2{Fµννω(s)bωγ5;
_µν(s) = 2[F µωgωρ
ρν(s)− µω(s)gωρF ρν ] + 4{f[µ(s)bω − bµω(s)]ων(s)− (3.1)
−µω(s)[ω(s)bν − bων(s)]gγ5:
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The system is solved in the linear in b approximation yielding, in obvious matrix notations,





(s) = e2Fs(0)− 2{e2FsF(0)sinh(Fs)
F
e−Fsbγ5; (3.2)










Using two last relations in Eq.(3.12), we get
H = −2(s) + 2{γ5(s)(s)b− 1
2




The last equation states that the Hamilton operator in the Heisenberg representation co-
incides with that in the Schrodinger representation being independent of s, as it should be.
However, the matrix element of H in the right hand side of Eq.(3.4) is s-dependent, and,
to find this dependence, one has to express operator (3.13) through operators X(s); X(0)






































































Using the last four relations in Eq.(3.10), we find two forms of the matrix element of H
3
Substituting Eq.(3.19) into the right hand side of evolution equation (3.4), and solving
the latter, we get two equivalent expressions for the transition amplitude:





















































































where the b dependent exponential should be understood as expanded up to the first order
in b. Also we get relations















 < x(s)jy(0) >; (3.2a)
and















and one can verify that the first two relations in Eq.(3.10) are valid. Consequently, we
get two equivalent representations for Green's function G(x; y) which, after rotating the









































Inserting either Eq.(3.20a) or (3.20b) into Eqs.(3.22a) and (3.22b), taking limit y ! x
and retaining terms which are not higher than first order in bµ, we get two equivalent
expressions for vector current (2.9):











































eıF τ + 1]γγµγ5; (4.1b)













































eıF τ + 1]γγµ: (4.2b)
One can notice that
In order to take traces over γ-matrices in Eqs.(4.1)(4.2), one uses expansion of the
exponential of the -matrix,
Thus, vector current Jµ (2.9) is vanishing, whereas axial-vector current Jµ5 (2.10) is
real (as it should be) and divergent. Regularizing the divergence by introducing a small
positive 0 as the lower limit of the  -integral in Eq.(4.7), and separating the divergent
at 0 ! 0 term from the convergent one, we get
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5 Effective lagrangian
Using either (3.20a) or (3.20b), we get
Really, Eq.(2.13), rewritten in terms of the effective lagrangian (density of the effective
action), takes form
In the case of weak field strength, F µν  m2, the last expression takes form
In the case of purely electric or magnetic field one has SpF 4 = 1
2
(SpF 2)2 and SpF 2 =
2E2 or SpF 2 = −2H2, where E and H are the absolute values of the electric and magnetic
field strengths, correspondingly. Expression (5.8) takes form



























 − 1 b2 − E−2(bE)2 (5.1)
in the case of purely electric field with strength E (E2 = E2), and


























1− coth2H + 1 (b0)2 −H−2(bH)2 (5.2)
in the case of purely magnetic field with strength H (H2 = H2). Note that the effective
lagrangian does not depend on the time component of bµ in the case of purely electric
field.
6 Conclusion
In the present paper we have used the proper time method [22, 23] to calculate the
effective action of the theory with lagrangian (1.2) in the case when electromagnetic
field strength F µν and vector bµ are space-time independent. Previous attempts to solve
this task [17, 18, 19] were unconvincing, because the dependence of γ-matrices on the
proper time had not been adequately taken into account. Really, since the commutator
of Hamilton operator H (2.14) with µν is nonzero, the latter has to evolve in proper time
as well as canonical variables, and the correct system of the evolution equations is given
by Eq.(3.11)
1
. We solve this system in the linear in b approximation and get transition
amplitude (3.20) and Green's function (3.22). Further, we find that vector current Jµ
1
In the case of bµ equal to zero, the evolution equation for Σ(s) decouples, and Hamilton operator
(3.13) loses the dependence on the evolution of Σ(s), owing to relation SpFΣ(s) = SpFΣ(0) in this case.
6
(2.9) is vanishing, which ensures that the Chern-Simons term is not induced, because,
otherwise, the current would be nonvanishing, Jµ = 1
2
~F µνkν, see Eq.(1.1). Moreover,
the vanishing of Jµ means that corrections to the effective action of the first order in
b are absent, and parity is not violated in this approximation, although it is explicitly
violated in initial lagrangian (1.2). Also, we find that axial-vector current Jµ5 (2.10) is
nonvanishing and is given by gauge invariant expressions (4.18)(4.19). This allows us
to get corrections to the effective action of the second order in b, and we find that the
renormalized (finite) effective lagrangian is given by Eq.(5.8).
It should be emphasized that vanishing of vector current Jµ is related to the use of
the approximation of the space-time independent field strength. If the field strength is
inhomogeneous, then the current is nonvanishing even in the zeroth order in b. Whether
the inhomogeneity of the field strength results in linear in b corrections to Jµ and, conse-
quently, in parity violating terms in the effective action, remains to be an open question
which needs further investigation.
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Appendix
Let us consider quantity
µν() = !µν + ( cotF)µν = −C0f4C2 ~F µν + C3[2(cotF)µν − (F−1)µνSpF cotF ] +
+2C4[2F
µν − (F−1)µνSpF 2]g: (A.1)
Since µν contains only odd powers of the field strength, see Eqs.(4.8) and (4.9), its most
general form is
Let us consider quantity
µν5 () = !
µν




µν − gµνSpF cotF ] + C3( ~FF−1)µν+
+C4[2( ~F cotF)








SpF ~F [2(F cotF)µν−
−gµνSpF cotF ] + 4( ~F 2)µν + C4
C3
[2(F cotF)µνSpF ~F − 4( ~F 2)µνSpF cotF ]

; (A.2)
where in the last line Eq.(4.14) is used. Since µν5 contains only even powers of the field
strength, see Eqs.(4.10) and (4.11), its most general form is
Thus, µν and µν5 are equal to zero, and, in view of Eq.(A.11), !
µν
is also equal to
zero, whereas !µν5 is equal to 
µν
5 (A.13), which with the use of Eq.(4.5) is recast into the
form with dual field
~F eliminated, resulting in Eq.(4.18).
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